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Introduction

In this paper we have studied one-step difference methods for equat-

ns of the type

U _ o~
.1) % - U+F,

ere U and F are (vector) functions of the variable t, and D is a matrix
th constant entries. We shall denote functions of the continuous variable
by capitals and the corresponding discretized functions, i.e. the funct-
ms which arise from restricting t to a discrete set of points, by the
rresponding lower cases.
en F(t) and U(0) are given the function U(t) is uniquely defined by
uation (1.1). In particular, we are interested in initial value problems
 type (1.1) which arise from linear partial differential equations when
e space variables are discretized. In such cases the matrix D usually
of very large order (100 or 1000). The study of difference methods for
near equations is also useful to attack non-linear differential equat-

ms of the type

a ~
.2) Et- = H(tsU) ’

nce such equations locally have the form (1.1). This immediately follows

om the Taylor expansion of H(t,U(t)) in a point t =ty

.3) H(t, + T, O(tgr)) = H(tg, Ut )+ © B (%, U(ty))

+ D(t,) (ﬁ(t0+r) - ﬁ(to)) .

re, D(to) is the matrix (dij),
9 (1) =
d.. = **Try

=ty + 6T, ﬁ(to) = eﬁ(t0+r) + (1-0) ﬁ(to), 0<6<1, and ﬁ(J), g(i)
‘e the j-th and i-th component of the vector functions U and H, respec-

vely.




(1.3) it follows that in the neighbourhood of t = t_. equation (1.2)

0
es like
) SE= e )T+ [E(sy, Te,)) + v T (%, B(t)) - ple) Ts 1,

is of type (1.1).
The one-step methods for solving numerically (1.1), which are most
y used, are of the Runge-Kutta type. However, when these methods
pplied to systems arising from partial differential equations it

out that the (time) step T = At prescribed by accuracy considerat-
is considerably larger than the step prescribed by stability con-
ations.
ame situation is met when Runge-Kutta methods are applied to systems
ibing circuit simulations.
may be explained as follows. The Runge-Kutta methods are based on

aylor series approximation in T = 0 of the operator exp(t D). Let

pproximating polynomial be AP<T D), thus

AP(TD) =1+ 1D + 1 T2D2 + ...+ 1

2! p! PoP

D,
this approximation becomes better as the value of T is smaller. In part-
r the effect of the operators exp(t D) and AP(T D) on eigenfunctions
corresponding to eigenvalues with a large modulus is completely

rent, unless 1 is relatively small. In the case of systems arising
partial differential equations or circuit simulations the eigen-

ions in the analytical solution corresponding to large modulus

values vanish rapidly. In actual computation, however, they are

duced at each step by round-off errors. This forces us to take small
steps in order to avoid instabilities.

In order to overcome these difficulties we have constructed polynomial
ximations of exp(t D) which are more accurate for larger values of T.

ve distinguished the case where D has real eigenvalues and the

where D has imaginary eigenvalues. In the latter case the optimal

omial approximations are hardly better than the Runge-Kutta methods.

e first case, however, a considerable improvement can be obtained

ing Chebyshev polynomials. In principle, this fact is well-known

as first used by Franklin in 1958 (cf. reference [4]).




\ disadvantage of the Chebyshev polynomial method is that it is only
irst order exact. Therefore, it is desirable to construct polynomial
\pproximations which are accurate and stable as well. A method is given
0 construct such polynomials. In the second order case these polynomials
re derived explicitly. When polynomials of sufficiently high degree

re used the difference scheme is nearly six times cheaper than the
econd order Runge-Kutta method.

In references [}ﬂ and [i], which will appear in the near future,

pplications to stiff equations and numerical examples will be given.

Finally, the author wishes to acknowledge the work done by

r. IJsselstein who programmed the plotting-program by which the figures
«1, 4.1 and 5.1 were obtained.




error of the difference scheme

'lonstruction of the difference scheme

uppose it is required to find the solution of the initial value

m

ﬁo is a given initial function. Assuming that U(t) has continuous

tives of up to order p + 1 we may write

T(ger)= |14r S+ 1 2‘1—2—+ P | He)+ — Pt ﬁ(PH)(E]
Rl Tt 2T Y e+ ©

t denotes a point in the interval Et,t+f].
convenient to introduce the operator
™! &

+ — E.=1.
3
1 dtJ 0

E, = pJ + DI %E + ..o+ DS
J | 4t

then write by virtue of the differential equation

I . -
& F=p)T+E F.
ons (2.2)-(2.4) suggest the following difference scheme for an

imate difference solution u of the initial value problem (2.1):

|
ULJ .
o
+
=
H




n these formulae w denotes the difference solution at t = t. = k1t and

k
o f, is defined as E,_ F(t)|t=tk°

Scheme (2.5) defines W .4 85 a sum of corrections of increasing order

1

f 1. Each correction term can be derived from the preceding one by a
‘ecurrence relation. To see this we observe that the operators Ej satisfy

he recurrence relation

g9
2.6) E. =DE. . +—T.
J J atd
‘ence
2.7) I L pit g s E e =
: k Y T Ik
J
' w +pE,_ £ +icr =
J at?
. J
=D cl({J) + : fk’
at?
8’ a . .
here __T'fk denotes —= F(t)|t=t . From this relation it can be deduced
at? atd K
hat (2.5) is equivalent to
{ ~
% = Yoo
(1) .1 2 (2 1
U = + Ty + 51 T ¢y ) +...t 51 Tpcép), k =0,1,2,...,

=
L[}
+
WHJ

2.8) 4 ) (),
k k at Tk°
p-1
DS e DA S
|k k b1 K

n this form the difference scheme is more appropriate in actual computation.
For theoretical considerations we shall employ another form of the

ifference scheme. It is easily verified that (2.5) can be written as




p) _ 1 1
[Fo +3y By kT Ep_1} £, -

nnection with this representation of the difference scheme w

k that the analytical solution U(t) satisfies a similar rela

i t+1
~ ~ + -
) T(ter) = 27 F(t) + L(EFT) J e F(o) ao.
t
Dt . .
the operator e 1s defined by
) eDT =14+ 1D +-%, (TD)2 + ... = Aw(TD).

in (2.9) the polynomial operator AP(TD) is in fact an approx
der p to the exponential operator exp(tD). This suggests tha

ximations of exp(tD) may be used. For instance
o~ p+1
exp(1D) —-AP(ID) + (D) Bq(TD),

Bq(TD) is a polynomial operator of degree q in tD. It will
it is advantageous to employ approximations of this type.
uture reference we give the corresponding difference schemes

(2.8) and (2.9), respectively:

uO = UO’
1), 1 2 (2) 1 o (p) p+1_(p+1)

uk+1—uk+Tck + 5 T S +...0F o! ey +BP+1 T Cp +..

(1) _
Cx Duk + fk,

N

2) _.(1)  a

¢y = = Do T+ ap Ty
n-1
cén) = Dcin—1) + Q—H:T—— fiom=p+aq+1,
dt

ut




Weyq = Pn(TD) w +tTg ,k=0,1,2, ...,

' +
2-9') 4 Pn(TD) = A (TD) + (TD)p L Bq(‘[D)’ n=—p + q + 1’
= q
Bq(TD) = 3p+1 + ep+2 ™+ ... + B (1D)~,
(n) 1 1 _p-1 P n-1
= = +o.o0+ — ces ]
Lgk EO + o TE1 o! T EP+1+ Bp+1'[ E + + BnT En_‘] fk

le parameters B are real parameters to be determined later.

s eees B
p+1 . n (n_1)

| formulae (2.8') and (2.9') it is assumed that F exists.

2 The discretization error

We now discuss the error which is introduced in the k-th time step,
e. the local discretization error pk(T). Let U' denote the solution of
le initial value problem (see figure 2.1)

a

& =DU' +F, t >t

.12)

\ 4

o
o
S D |

|
|
|
t
‘0 k k+1

fig. 2.1 Local discretization error in a scalar case




;he local discretization error is defined by

= o -
' prT) = Uppy = vy
)lying scheme (2.8') to (2.12) we find

! o (1) ~ (= g ) 21 (o1

k ~ (P+1)! - pH1 k as T > 0.

.fference method is said to have an accuracy of order p as t > O.

he next step is to consider the development of the local discretization
;. These errors together, produce.the total discretization error €,

is defined by

2.2), (2.4) and (2.9')it follows that e, satisfies the difference

EY

) €14 = Pn(TD) g + pk(T), k=0,1,2, ..., sO(T) = 0.

2this scheme is studied we consider another source of errors which

\fluence the difference solution, i.e. the effect of round-off errors.

he numerical error

[n actual computation, we cannot obtain the solution of the difference
> exactly, as one is faced with the phenomenon of round-off errors

. . . * .
give rise to a numerical solution u 1nstead of the difference

lon u. Suppose that u. is the solution of the scheme
> * (n) >
) L Pn(TD) wotTg - A k=0, 1, 2, «ou,

p:-is the local numerical error generated in the k-th time step.

;he (total) numerical error




%

¥
'.18) € = W -
tisfies the difference scheme

19) X =P (D) €.
-19 Ex+1 T 'Y &

om (2.16) and (2.19) it follow
.20) e, = Uk -u =e
tisfies the difference scheme

.21) epq = Pn(TD) ey

ere r, 1s the sum of the local

k
merical error.

4 Convergence and stability

In the preceding sections t
termines the error propagation
nditions will be given to cont

Let || |]2 denote the Eucli
th respect to this norm the fo

eorem 2.1

e error e, satisfies the inequ

.22) ||ek||21[1 + o

ere C(1) is an uniformly bound
ectral radius of Pn(TD), and y

trices Jm of the Jordan normal

. the total error

K =0, 1,2, «0uy

etization error and the local

‘ference scheme is derived which
tual computation. In this section

e accumulation of errors.

orm in the space of level functions.

g theorem holds:

5 oty e

RERT
0<j<k-1 e’

ction as t ~ 0, O(Pn(TD)) is the
e largest order of all diagonal sub-
J of Pn(TD) with c(Jm) = O(Pn(TD)).



1

roof. See reference [h], p. 57.

he sum corresponding in (2.22) may be estimated by the integral
k 1 X
fo x"" [o(P_(D))]* ax.

. simple calculation yields

2.23) |le,|l, < {1+c(x) 12 [(x1n0) Y™ = (y=1) (k1no) "2, .+ (=) "2 (y-1)! K1
ln'c
y-1 \
NEREY LI IPE vy I C MG LD LTS S VA T T
1n"o 0<j<k-1 9 2

here o denotes c(Pn(TD)).

or large values of k and o $ 1 this expression reduces essentially to

k Y-1 y=-1
2.23') |ley|l, < t1eo(r) oL =) G=lty e ),
1n'o 0<j<k-1 9

or ¢ = 1 we have

v
2.23") Ilek[|23{1+c(r)5—} Max Ilr.||2.
S 0<j<k-1 Y

In the following the cases ¢ > 1, 0 = 1 and o < 1 will be discussed

eparately.
ase I: 0 > 1. From (2.23"') it follows that the error e, may increase
xponentially with k. Even when round-off errors are neglected, so that the

pt+i

ocal error r. tends to zero like T as T > 0, we have an exponential

ncrease, beciuse the total number of steps in a given interval of integration
p,@] is T/t. The local errors do not vanish rapidly enough to compensate for
he factor [E]T/T. Therefore, we may not expect convergence to the analytical
olution. Further, the round-off errors may increase exponentially destroying

he solution completely. This latter phenomenon is called instability.
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e II: o = 1. Here we use inequality (2.23"). Neglecting round-off errors

see that

kY Tp+1 i_TY TP—Y+1

ermines the convergence of the difference solutions as 1 > 0. Therefore,

condition
2L) p>y -1

a sufficient condition for convergence in the case o = 1.
. >
small values of T, however, the numerical error pk cannot be neglected

Y as T > 0. Such a behaviour

h respect to Pys SO that e behaves like T
the error is called stable by Forsythe and Wasow [1], pP. 32, but unstab
Rjabenki and Filippov [3], p. 15. In most practical cases this behaviou

acceptable.

e III: o < 1. Again we use inequality (2.23'). As T >+ 0 we have

t. . .
< cons Max 1 ||rJ||2

| e, |]
k2 02 <k~

jently, the scheme is convergent and stable as well.

Our final conclusion is that a necessary condition for convergence is
25) o(P (D)) < 1.

ther, this condition guarantees a certain insensitivety for round-off
>rs. In literature, condition (2.25) is called the stability condition
the difference scheme.

Fact, (2.25) is a condition for the time step t. To see this we define

numbers T(J) as the non-zero solutions of the equations IPn(de)l =1,

re Gj represent the eigenvalues of the operator D (see figure 2.2). The
imum of all numbersr(J) Obviously is an upper bound for T, i.e.

(3)

251) T < Minimum T .

- (3)s yr=
|B_(<? 5j)|-1




fig. 2.2 Stability region of the polynomial operator Pn(TD)

in the (z=x+iy)-plane.

\ simple but rather rough stability condition can be obtained as follows.
.et B(n) be that point at the curve [Pn(z)l = 1 which is nearest to the
)rigin and which lies in the sector in which all eigenvalues Gj are

situated. Then (2.25) is satisfied when

2.25") T 5_5%%%.
‘onditions (2.25') and (2.25") are identical when the eigenvalues 6. are
ituated at two lines which are conjugate complex; for instance, when the
j are real or purely imaginary.

It may be remarked that in many important applications the bound
(n) / o(D) is considerably smaller than the time step prescribed by
ccuracy considerations. In such cases one should construct difference
chemes for which the number B(n) is as great as possible. In view of this

equirement we have introduced the polynomial operator Bq(TD) in section 2.1.




14

5 Step-size control

Condition (2.25) controls the accumulation of the local errors r

e next step is to control the local errors itself. In this section the

scretization error Py is discussed. In section 2.6 the numerical error

is considered.

k
Suppose that it is required that Py is bounded by some quantity Ny
e.
oyl <y s
ere || || denotes some norm in the space of level functions. Then we

rive from (2.14) the inequality

1
' —
(p+1)! n o1

.26) T < .
1= 8, (p#1) ||ckTP+1)|—|_'

is condition prescribes at each level a new maximal time step, contrary

. condition (2.25) which yields a uniform upperbound for t. In fact,
e right hand side in (2.26) may vary considerably with k. This will be

lustrated by the following example. Given the homogeneous equation

d nl- ~
5 U = 00,
ere D has negative eigenvalues Gj’ Gm < 6m-1 < ee < 61 < 0 with nor-

lized eigenfunctions Ej' Let the initial condition be

E. , t=0.
19

=]
I
I~ g

J

en the analytical solution of the differential equation is given by

U=
J

o—B

exp(S8.t)E.
1 p(s, ) 5

that

(pt+1) p+1 o p+1
c =D ~ 8%  exp(6.t.)E. as T >0 .
k o't j£1 J p J k) J

r small values of tk the terms with large values of lsjl are dominating, for
rge values of t  the terms with small lajl are dominating To be more specific,

t us take the special case in which 84 = -1 and 8, = -1000 (m=2). Then we have

(p+1) 1 +1 :
[le #7711 ~ 1000P* T for ¢~ o, ||c£? N~ 1 for by ~ 1.
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means that for constant n, the maximal allowed time step changes

k
ctor 1000 over the interval 0 < t < 1.

This example shows that it is desirable to employ a variable step
hich satisfies both (2.25) and (2.26), particularly when we deal w

conditioned matrices D, i.e. |61I / |6m| << 1.

Numerical stability

The error p*k arises in the calculation of the successive correct
k(J)' Suppose that instead of calculating ck(J)

alculate the correction term itself by a recurrence formula. Let

(3) = 4 3 o)

s Bj 9 recursive

v 3 K . J=1, ¢eey N,
it follows from the recurrence relation for céJ) that
T) (j+1)_.£ij.+_l D (J)"'B j+1gj_.F 3 =0 1 1
vy alare DV 341 T 7 Fyo J=0,1, ..., n-
J dt
(0) _ Z 4
e vk = w and BO 1.

the arguments in section 2.4 it follows that a necessary conditio

the stability of this process is

8) |—B-gf—1lrkc(n)i1 s 3 =0,2, «evy n=1,
J

this condition is satisfied the local error p*k will be small in

1. For large values of n it is important to satisfy (2.28). We sha

the process numerically stable when p X is small.

It may be remarked that the calculation of the c(J)

k
me (2.8') may be very dangerous for large values of n.

according to

Runge-Kutta methods

In this section we study difference schemes of the type

~
) ug =Ty, =Ap(TkD)uk + T gl({19), k=0, 1,2, ...,
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here the polynomial Ap(z) and g(P) are defined as in (2.9).

k
his scheme is related to the Runge-Kutta method of order p. We will
how this relation for the case p = 2.

he second order Runge-Kutta Method (or Heun's method) for linear

quations of type (2.1) is defined by (compare [2], p. 896)

~
r.Y
Uy = Ups
W =Wt %(c1+c2), k=0, 1,2, vouy
3.2) T
c1 = Tk(Duk + fk) .
c, = Tk(Duk + Dc1 + fk+1)

y substituting c, and c, this scheme reduces to

1 2
M ~
Uy = Up s
= (1+ 1D+ 35, D°)u + v (3£ + £ )+ 3rD1)
Uy 1 K s "L " b NS k k’°
3 a a°
- 1 < 1 - T
A2(TkD)uk + Tk(fk + ng(D + dt)fk + BT dtz F(tk)
2
(2) , 1.3 4 -
= + + - )
AQ(TKD)uk T 8 BT o2 F(tk) s
./

here tk = tk + erk,

'his scheme resembles (3.1). However, it has a different local dis-

0<6<1.

retization error, namely

3 2
3143 .34
pk(Tk) T {_;tB U(tk) 5 F(tk) as T, > 0.

n

dt

'or numerical calculations they are, of course, equivalent, as both schemes

ave a local discretization error of order Tk3'
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Regions of stability

The stability regions of the operator Ap(TkD) are defined by the

s |A_(z)| = 1. In figure 3.1 these curves are given for p = 1, 2, 3
t. Since |Ap(z)| = IAP(E)I, the lower part of the curve lAp(z)I =1
1itted.

This figure shows that we should require that the eigenvalues Gj of
re non-positive real parts. This requirement is related to a similar
tion one has to impose upon the ordinary differential equation (2.1)
‘der to guarantee stability in the sense of Lyapunov. In this and
:quent sections we shall assume that Re 5j < 0.

figure 3.1 the following table is derived.

s 3.1 Approximate values of B(p) in the stability condition

B(p) .
T 5—§T§T of the polynomials Ap(rkD)

be) arbitrary Gj real Gj imaginary Gj
B(p)  Bpe(P)| B(R) B ep(p)| B(P) B oq(P)

1 0 0 2 2 0 0

2 0 0 2 1 0 0

3 1.72 0.57 2.5h4 0.85 1.72' 0.57

L 2.63 0.67 2.78 0.70 2.82 | 0.71

1is table the values of Beff(p) = B(p)/p have been added. These values
into account that a scheme of order p requires p times as much
per time step as a scheme with p = 1. Therefore, the effective

step T defined by Topr = 1/p,satisfies the condition

eff’ ff
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Je are now in a position to evaluate the merits of the Runge-Kutta
is of order 1 to L. In general, the first and second order methods
»d of Euler and Heun, respectively) are not recommended, as their
lity, although the differential equation itself is supposed to be

3, is not guaranteed for any time step. Moreover, the accuracy is
jerably less than the accuracy of the third and fourth order method.
7hen the solution is slowly varying Euler's and Heun's method may be
tageous (see the numerical examples in [ﬁ]). In practice, the

1 order method is most widely used.

ne use of Chebyshev polynomials

The examples in [7] show that in the asymptotic region of the

ion the time step is not prescribed by accuracy requirements but by
lity requirements. Therefore, in this part of the integration inter-
t suffices to employ first order schemes like Euler's scheme.

er, it is possible to construct first order schemes which have
dersbly less stringent stability conditions than Euler's scheme.

is section & class of first order schemes is considered which is
priate in cases where the matrix D has real or "almost real" eigen-

S.

Construction of the difference scheme

The first order schemes which arise from (2.9') for p = 1 are of

ype

uo = ﬁoa
W =]:%1(TKD) + (rkD)Q Bn_z(TkD) w1 gk(n)

_I 2 n_n (n)
= +
1 T]D+SET]D + ... + B T]D u] +T] g] s
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>r a given polynomial Pn(x), the number B(n), as defined in section 2.lL4,

5 the largest number such that Pn(x) = A1(x) + x°

1e interval [51, E] for -B(n) < x < 0. Thus, we are lead to the problem

Bn_2(x) has values in
> construct a polynomial Pn(x) for which this number B(n) is maximal.

1eorem 4.1

F all polynomials Pn(x) of the degree n in x, which satisfy the con-

itions

1e polynomials Tn(1 + n—zx) = cos[narccos(1 + n-2xz] has the largest

slue for B(n). This value equals 2n2.
r0of See reference [L ], p.38.
From this theorem it follows that the scheme

u0 = UO’

+.2) o (n)
Wy = T(1 + n 'rkD)uk * T 8 , k=0, 1, 2, ...

3 the scheme we are looking for. The first four polynomials together

{th their B(n) values are given by

N

P1(X) =1+ x, g(1) = 2,
P (x) = 1+ x +%x2, 8(2) = 8,
+.3) ’ - Yy 2 4 03 =
P3(x) =1+ x + o7 X + 729 ¥ » B(3) = ;Ss
_ 5 .2 1 3 1 =
Ph(x) =1+ x + T tog Xt 8792 * » (L) = 32.
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legions of stability

ln the case of real eigenvalues we have from theorem 4.1 the stabi-

rondition

2n

Terr < s(D) °

2n (

*ing this condition with table 3.1 we see that in the real case

se of Chebyshev polynomials allows us to take n times larger steps
juler's scheme.

mplex eigenvalues Chebyshev polynomials are appropriate in those
where the eigenvalues are within the stability regions of the
mials Tn(1 + n_2z).

fure 4.1 the curves ITn(1 + n_2z)l = 1 are given. From these curves
r be concluded that stability is expected if the eigenvalues are

st real", i.e. if they are situated in a small strip along the
;ive) real axis. In such cases it is recommended to use polynomials
‘ferent degree in succession. Then, for those points Tkéj which
itside the stability region of P (z), we may hope that the points

| are within the stability region of P (z). In this manner the
+1
yilities introduced in the k-th step are reduced in the (k+1)-st

le case of purely imaginary eigenvalues

le now consider schemes of type (4.1) in which D is an operator
yurely imaginary eigenvalues § = iy. The number B(n) is now defined
» largest number such that Pn(iy) = A1(iy) + (iy)2 Bn_z(iy) has

i on or within the unit circle |z| = 1. Again we are faced with the
'm to construct a polynomial Pn(iy) for which this number B(n) is

1.
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5.1 A polynomial problem

For n = 2, 3, 4 the optimal polynomial Pn(z) was derived in [
For odd values of n a general expression of Pn(z) is given in [5]
future reference the first four polynomials and the general expres
for odd values of n are given, together with the corresponding val

of B(n).

+z, B(1) =0,

jae
—~
N
~
L}
—_

+ z + z2, g(2) = 1,

HJ
—
N
~
L}
—_

2
( \ P3(Z) =1+ 2z + %22 +-%z3, B(3) = 2,
5.1
Ph(z) =1+3z +-;—z2 + % 23 + %E zh, gy =2 Vo,
b (2) =T (-1%+22% ,, (-1)%+4° |(m1)°
n =1l (n-1)® (n-1)> B3
5 n n-1) 5 n

, B(n) =n-1,n=1,3,5,.

Here Um(y) denotes the Chebyshev polynomial of the second kind, i.

(5.2) U (y) =KSin[(m+1) arccos ﬂ.

m .
Sin arccos y

5.2 Regions of stability

In figure 5.1 the curves IPn(z)| =1, Pn(z) defined by (5.1)
given.

For n = 2 we have stability if

—_

< —2
eff —'O(D)

(5.3) T

| A

(1)

Tk

Q
—
[w)
~|




2k

This condition does not hold only in the imaginary case, but for any set
2igenvalues with Re 6j < 0. Therefore, with respect to stability the
2 2

operator 1 + TkD L D is the best possible one of degree 2 in those

shere the only information about the eigenvalues of D is that they are
in the non-positive half-plane. As regards the accuracy, however, we
observe that Pé(TkD) has only first order accuracy.

The polynomial P3(TkD) is second order exact and satisfies the

condition

2 6T
(5.4) % Z5(D) ° (Tk)eff =5

which is a slightly better than the third order Runge-Kutta process.
For n = 4 the polynomial Ph(z) coincides with the polynomial Ah(z).
Ne recall (see table 3.1) that T

2\2
D)

(5-5) ka_c(

K must satisfy the condition

+ 71

> (Tk)eff hl o(D) °

The next polynomials PS(Z)’ P_(z), ... yield second order exact

T

schemes with a slowly increasing upper bound for the effective time step

i.e.
(5.6) < o] () e dm o s
: Tk = 5(D) > \ylerr 250D " 2 03 J 1 ve

Thus Ph(TkD) already has T0% of the maximal attainable stability, and
it is therefore that we recommend the fourth order exact Runge-Kutta

method in the case of imaginary eigenvalues.
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6. Stabilization of higher order schemes

In the preceding sections the problem is discussed to maximize the

number B(n) associated to polynomials of the type
P (z) = A, (z) + 22 B (z)
n 1 n-2 ?

where z was real and imaginary, respectively. In the imaginary case,
only a small improvement was obtained in comparison with the fourth
order Runge-Kutta process. In the real case, a considerable improvement
was obtained; however, these methods are only first order exact. There-
fore, it is natural to try to maximize the number B(n) associated with

polynomials of the type

(6.1) P(X)=A(z)+xp+1B (x), p+q+1=mn, p>1.
n P q

Thus, instead of stabilizing first order schemes we now try to stabilize

a p-th order scheme.

6.1 Properties of the polynomial Bq(x)

Let Pn(x) have values between -1 and +1 for - 8(n) < x < 0, then

Bq(x) satisfies the inequalities

- x P a(x) B (x) < P11 - a_(x)),
p odd, -8(n) < x <0,
(6.2) A4 .
PN - A (x) < B () < P+ A (),
p even, -B(n) < x < 0.
L

Let lp(x) and rp(x) denote the left and right hand side of (6.2), res-
pectively. v

Then we have




a7

am 6.1

L polynomials of degree q in x the polynomial Bq(x) yields the
st number B(n) if it has at least q + 1 alternating tangent points

-he boundary curves lp(x) and rp(x).

iximization of B(n) means that the curve y = B (x) remains as long

ssible in the region bounded by the curves y = lp(x), y = rp(x)

0. In figure 6.1 the behaviour of the boundary curves y = lp(x)

rp(x) is illustrated. For x -+ O they tend to -~ and +, respect-

, for x > - they both converge to zero.

>

’BA(X)

/Bq(X)

B (x) = ¢

-g(n) -B(n) -B(p+1) X lp(x)

fig. 6.1 The polynomial Bq(x) for ¢ =0 and q =6.
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Suppose that there exists a polynomial Bq(x) with q + 1 different tangen
points with 1_(x) and r (x), and a polynomial B' (x) which satisfies
inequality (6.2) over an interval [—B'(n),o] where B'(n) > B(n). Then
the curve y = B'q(x) intersects the curve y = B (x) at least at q + 1
points. Hence the polynomial B'q(x) - Bq(x), which is atmost of degree
g in x, has at least q + 1 zeroes.

This contradiction proves the theorem.
Although this theorem does not guarantee the existence of a poly-
nomial Bq(x) with g + 1 tangent points, it may guide us in constructing

the "best" polynomial.

6.2 Introduction of a single stability term

We consider the case q = 0, i.e.
(6.3) B (x) =8

From theorem 6.1 it follows that the line y = BP+1 which touches the

curve y = lp(x) defines the optimal value of Bp+1 (see figure 6.1).

dbviously, the tangent point is the point where lp(x) reaches its

naximum., Let x = xp be this point, then the following relations hold:
BO(XP) = BP+1 = lp(xp) s

(6.4) _ _
rp(— B(n)) = lp(xp) , n=p+ 1,

In table 6.1 the values of xp, B
listed for p = 1, 2, 3 and L,

p+1° B(n) = 8(p+1) and B_pp(p+1) are
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Table 6.1 Parameter values for pol
- +1
Pn(x) = Ap(x) + Bp+1xp
P X, BP+1 B(p+1)
1 - 4.00 . 1250000 8.00
2 - 4,00 . 0625000 6.27
3 - 4.39 . 0184557 6.00
L - L.69 . 0040869 6.05

orresponding polynomials are given by

A
Py(x) = 1+ x+ .125 X,
P3(x) =1+ x+ .5 X+ .0625 x3,

| By(x) = 1+ x4 .52 + 1066667 x> + .
Py(x) = 1+ x+ .5 X+ 1666667 x5 + .

)

mparing the stability properties of these
formulae for real eigenvalues (see table
the introduction of just one stability ter

arger time steps in the fourth order case.

The case of two stability terms

For ¢ = 1 we have

B1(x) =B + B _X.

p+1 p+2

figure 6.2 it is clear that there actually
which touches both lp(x) and rp(x).

1ls of the type

glp+1)

- O 0V O

T xh,

N

7 x + .0040869 xs

mials and the Rung
t may be concluded
ws us to employ

8 a polynomial
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v

e—

the line ¥,

t, respectiv

~

these equat

ned by

~

~

fig. 6.2

) touch y = lp(x) and y = rp(x) in x = t,

hen the following equations hold for t1 an
- 1

plty) = 1(85)

(t1) -t r‘(t1) = lp(t2) - £2 l'(t2) .

re solved for t, and t,. the line y

1 2 B,(x)

= r'P(t1)x + (rp(t1) - r'p(t1)t1) >




her, B(n) =
0)

We now solv

) and 12(x)

')

quivalently

n)

ination of t

1+ 2)2 (96t

merical calc
his equation
ormulae (6.8

1) Ph(

e we have ga

31
is defined by the equat
(- 8(p+2))= B, (- B(p+2))

equations (6.7) for p =
lows that (6.7) may be w

2

-1 -3 -3
-t h(t2 - t, )
1 -1

-2
- t1 + 3(t2 -t

-2
1)

ds the following equatio

6t;2 + 12t;1 + 1) - (38k

n reveals that t1h/ - 10

rresponding value of t
.10) we finally obtain

2

+ x + .5 x2 + .078 x3 +

factor 3 over Heun's me

m the

as

appro

en by

see ta
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.4 Polynomials Bq‘x) of higher degree

Analogous to the considerations in the preceding section polynomi-
1s Bq(x) of higher degree can be constructed by setting up the equations
or the tangent points x = tj’ j=1,2, «.., q+1, This leads to q+1
on-linear equations for q+1 unknowns. The solution of these equations
s difficult to find, even when numerical methods are employed. There-
ore, we look for other methods to construct Bq(x). In the following,

method will be described which approximately determines the coefficient

£ Bq(x). This method is based on the Taylor-expansion of the function

(rp(X) - lP(X))

6.13) a(x) =-;-

or large negative values of x (see figure 6.3).

T
-B -b 1 (x ”ﬂ
o )
fig. 6.3 Taylor-expansion of ap(x)

e shall give the analysis for the case p = 2.

et x = -b be a point at the negative axis. Then the Taylor-expansion of
2(x) at x = -b is given by

6.14) a (x) = - A, (x) ) °z° b° = 2(j+1) b + (§+1)(j+2) <x ; 1>j

x3 j=0 2 b3
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ow define the polynomial Bq(x) by

g b2 - 2(3#1) b + (3+1)(§+2) [ x + b\
)

3

5) B (x) =
N j=0 2 b

The parameter b in this expression is determined by the condition

, for -b < x < 0 the remainder R (x) = az(x) - Bq(x) does not

q+1
ed in asbsolute value the "distance" between a.(x) and r.(x) or
2 2

). Thus we require

1
6) |Rq+1(x)| < |a.2(x) - rg(x)l = I—x—3-| , -b < x <0,

(x) may be written as

remainder Rq +1

R, (x) =g &R

2D J

e~ 8

0

ipper bound for Rq+1(x), -b <x <0, is easily seen to be

=X

J——Qi-th” 12 - 2(g+2)b + (q+2)(a*3)]. =
3 (b> [o qQ a+2) (q+3)]

small values of q (q = 1, 2, 3) this bound is rather rough, get-

N
»

closer to the true value of Rq+1(x) for larger values of q.

1sing this majorizing function for Rq+1(x) condition (6.16) becomes

5 pa*3

6')  x° [x+b|q+1 < -b <x<0.

be - 2(q+2)b + (q+2)(q+3) ]

maximal velue of the left hand side in the interval [-b, 0] is
*hed at x = -2b/(q+3). Hence, the maximal value of b satisfies the

wtion

L2

> |b 2b|q+1 - ) bq+3
(q+3)

18) - A )
bS - 2(q+2)b + (q+2)(g+3)

q+3

ED2_2( q+2+j )b+(g+2+]) (q+3+,jZ| é-g-b-)j .




From this equation
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llows that

. q+3
(6.19) b= ; 13:31—;7 (q+2)
(q+1)?
The correspon alue of B is determined by the ion
=
(6.20) IRq+ = 3.
B
For x < -b the rem Rq+1(x) satisfies the conditi
% b% - 2(as2)d + (a#2)(a3) | a1
qt > b3
Using this upper b or Rq+1(x) at x = -B we obtain (6.18)
(6.20) the relatio
1
q+1 3\ ==
(6.21) g = )_'_.(_911_)_.:3_b_3_ q+1.
(@+3)¥7° 8
In table 6.2 numer alues of b, B/b, B, Bopp 8TC 1
Tabel 'arameter values for polynomial he tyr
. - 3
L(%) = A (x) + x Bq(x).
n = g+3 B(n) / b(n) B(n) p(n)
3 5. 1.109 5.979 193
4 8. 1.192 9.995 199
5 11. 1.259 14.276 }55
6 1k, 1.31k 18.764 o7
T 17. 1.360 23.412 345
8 20. 1.399 28.183 23
9 23. 1.43k 33.088 76
10 26. 1.464 38.065 07
n->e 2 2 5.844 n 3Ll




result

e e w
ds the
. (6.21
Our c
tructe
than
ions.
1, whi
mal on
Final

result

Q
+
w
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n > » needs some explanation. From (6.19) we derive
b~q+2+-%(q+3)ev2 as q > »

. Substitution of this numerical value of e and q = n-3
t given above. The result B(«x)/b(x) = 2 follows directly

ion from table 6.2 is that, although the polynomials

e are not optimal, the effect for q = 0,1 is only slightly

rresponding optimal polynomials derived in the preceding
we may expect that the higher degree polynomials Bq(x)

even better approximations, are nearly as good as the

give in table 6.3 the coefficients 83, By +evs 87 of

lynomials.

ble 6.3 Coefficients Bgs +ees 87 of the approximating
polynomials Pn(x) = A2(x) P Bq(x)

98 1010 B, 10" g 1012 B¢ 0™ 8

p) T

20219
75271| 143257975
76529 | T0859328| 19346763
83479 | 89253815| 386T00LT| 6LE6TLS
69351 | 102270702 55104889 | 15282050 | 17209475
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